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We unify several asymptotic expansions for the gamma function due to Laplace,
Ramanujan–Karatsuba, Gosper, Mortici, Nemes and Batir. Furthermore we present new
asymptotic expansions for the gamma function.
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1. Introduction
Stirling’s formula
n! ∼ √2πn
n
e
n
(1.1)
has many applications in statistical physics, probability theory and number theory. Actually it was discovered by DeMoivre
(1667–1754) in the form
n! ≈ C · √n(n/e)n,
and Stirling (1692–1770) identified the constant C precisely
√
2π .
The following asymptotic formulas are well-known for the gamma function (see, for example, [1, p. 257]):
Γ (x+ 1) ∼ √2πx
x
e
x
exp
 ∞
m=1
B2m
2m(2m− 1)x2m−1

= √2πx
x
e
x
exp

1
12x
− 1
360x3
+ 1
1260x5
− 1
1680x7
+ · · ·

(x →∞) (Stirling series) (1.2)
and
Γ (x+ 1) ∼ √2πx
x
e
x 
1+ 1
12x
+ 1
288x2
− 139
51840x3
− 571
2488320x4
+ · · ·

(x →∞) (Laplace formula), (1.3)
where Bn (n ∈ N0 := N ∪ {0}) are the n-th Bernoulli numbers defined by the following generating function:
z
ez − 1 =
∞
n=0
Bn
zn
n! (|z| < 2π).
The Laplace formula (1.3) is sometimes incorrectly called Stirling series (see [2, pp. 2–3]).
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Stirling’s formula is in fact the first approximation to the asymptotic formula (1.3). Gosper [3] replaced
√
2πn by√
2π(n+ 1/6) in Stirling’s formula to substantially improve it, to
n! ∼

2π

n+ 1
6
n
e
n = √2πn n
e
n 
1+ 1
6n
1/2
,
which was improved by Mortici [4] and Batir [5]:
n! ∼ √2πn
n
e
n 
1+ 1
6n
+ 1
72n2
− 31
6480n3
− 139
155520n4
+ 9871
6531840n5
1/2
(1.4)
and
n! ∼ √2πn
n
e
n 
1+ 1
3n
+ 1
18n2
− 2
425n3
− 31
9720n4
1/4
. (1.5)
By replacing in Stirling’s formula
√
2n by

8n3 + 4n2 + n+ 130
1/6
, Ramanujan [6, p. 339] presented the following
approximation:
n! ∼ √π
n
e
n 
8n3 + 4n2 + n+ 1
30
1/6
.
This formula has been studied in detail in [7] and [8]. Karatsuba [7, Eq. (5.5)] established the asymptotic representation of
the gamma function:
Γ (x+ 1) ∼ √π
x
e
x 
8x3 + 4x2 + x+ 1
30
− 11
240x
+ 79
3360x2
+ 3539
201600x3
− 9511
403200x4
− 10051
716800x5
+ 233934691
6386688000x6
+ · · ·
1/6
(x →∞)
(x−6 term corrected), i.e.,
Γ (x+ 1) ∼ √2πx
x
e
x 
1+ 1
2x
+ 1
8x2
+ 1
240x3
− 11
1920x4
+ 79
26880x5
+ 3539
1612800x6
− 9511
3225600x7
− 10051
5734400x8
+ 233934691
51093504000x9
+ · · ·
1/6
(x →∞). (1.6)
Moreover, the author gave a formula for successively determining the coefficients.
Nemes [9] presented a new asymptotic expansion for the gamma function:
Γ (x+ 1) ∼ √2πx
x
e
x 
1+ 1
12x2
+ 1
1440x4
+ 239
362880x6
− 46409
87091200x8
+ · · ·
x
(x →∞) . (1.7)
Mortici [10] published the following approximation formula:
n! ∼ √2πn

n
e
+ 1
12en
n
= √2πn
n
e
n 
1+ 1
12n2
n
. (1.8)
Clearly, (1.7) includes (1.8) as its special case.
The asymptotic expansions (1.3)–(1.7) prompt us to ask a natural question: Does there exist an asymptotic expansion
which unifies (and possibly also extends) the asymptotic expansions (1.3)–(1.7)? Our first aim in this paper is to answer this
question (see Theorem 2.1).
Our second aim in this paper is to establish new asymptotic expansions for the gamma function. More precisely, let r ≠ 0
be a given real number and ℓ ≥ 0 be a given integer, our Theorem 2.2 determines the constants aj = aj(ℓ, r) (j ∈ N) such
that
Γ (x+ 1) ∼ √2πx
x
e
x 
1+ ln

1+
∞
j=1
aj
xj
xℓ/r
(x →∞) .
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2. Main results
Theorem 2.1 unifies the asymptotic expansions (1.3)–(1.7).
Theorem 2.1. Let r ≠ 0 be a given real number and ℓ ≥ 0 be a given integer. The gamma function has the following asymptotic
expansion:
Γ (x+ 1) ∼ √2πx
x
e
x 
1+
∞
j=1
bj
xj
xℓ/r
(x →∞), (2.9)
where the coefficients bj = bj(ℓ, r) (j ∈ N) are given by
bj = bj(ℓ, r) =
 rk1+k2+···+kj
k1!k2! · · · kj!

B2
1 · 2
k1  B3
2 · 3
k2
· · ·

Bj+1
j(j+ 1)
kj
, (2.10)
summed over all nonnegative integers kj satisfying the equation
(1+ ℓ)k1 + (2+ ℓ)k2 + · · · + (j+ ℓ)kj = j.
Proof. It is easy to see from (1.2) that (2.9) holds true for some real numbers b1, . . . , bm. What matters is to determine the
b1, . . . , bm explicitly. To do this, we first express (2.9) as follows:
Γ (x+ 1)√
2πx (x/e)x
r/xℓ
= 1+
m
j=1
bj
xj
+ O(x−m−1) (x →∞). (2.11)
Write (1.2) as
Γ (x+ 1)√
2πx (x/e)x
= exp

m
k=1
Bk+1
k(k+ 1)xk +Rm(x)

(x →∞),
whereRm(x) = O(x−m−1). Further, we have
Γ (x+ 1)√
2πx (x/e)x
r/xℓ
= erR(x)/xℓ exp

m
k=1
rBk+1
k(k+ 1)xk+ℓ

= erR(x)/xℓ
m
k=1

1+

rBk+1
k(k+ 1)xk+ℓ

+ 1
2!

rBk+1
k(k+ 1)xk+ℓ
2
+ · · ·

= erR(x)/xℓ
∞
k1=0
∞
k2=0
· · ·
∞
km=0
1
k1!k2! · · · km!

rB2
1 · 2
k1  rB3
2 · 3
k2
· · ·

rBm+1
m(m+ 1)
km
· 1
x(1+ℓ)k1+(2+ℓ)k2+···+(m+ℓ)km
. (2.12)
Equating the coefficients by the equal powers of x in (2.11) and (2.12), we see that
bj =

(1+ℓ)k1+(2+ℓ)k2+···+(j+ℓ)kj=j
rk1+k2+···+kj
k1!k2! · · · kj!

B2
1 · 2
k1  B3
2 · 3
k2
· · ·

Bj+1
j(j+ 1)
kj
.
This completes the proof of Theorem 2.1. 
Remark 2.1. (i)We find that special cases of (2.9) when r = 1, 2, 4, 6 and ℓ = 0 yield immediately the formulas (1.3)–(1.6),
respectively. Setting (r, ℓ) = (1, 1) in (2.9), we obtain the asymptotic expansion (1.7). Laplace formula (1.3) can be
rewritten as
Γ (x+ 1) ∼ √2πx
x
e
x 
1+
∞
ℓ=1
cℓ
xℓ

(x →∞; ℓ ∈ N) , (2.13)
where the coefficients cℓ (ℓ ∈ N) are given by
cℓ =

k1+2k2+···+ℓkℓ=ℓ
1
k1!k2! · · · kℓ!

B2
1 · 2
k1  B3
2 · 3
k2
· · ·

Bℓ+1
ℓ(ℓ+ 1)
kℓ
. (2.14)
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(ii) Here, from (2.9), we give two new asymptotic expansions:
Γ (x+ 1) ∼ √2πx
x
e
x 
1− 1
12x
+ 1
288x2
+ 139
51840x3
− 571
2488320x4
− 163879
209018880x5
+ · · ·
−1
(x →∞) (2.15)
and
Γ (x+ 1) ∼ √2πx
x
e
x 
1− 1
6x
+ 1
72x2
+ 31
6480x3
− 139
155520x4
− 9871
6531840x5
+ · · ·
−1/2
(x →∞). (2.16)
In 2008, Batir [11] presented the following approximation to n!:
n! ∼ n
n+1e−n
√
2π√
n− 1/6 =
√
2πn
n
e
n 
1− 1
6n
−1/2
. (2.17)
Clearly, (2.16) includes (2.17) as its special case.
Theorem 2.2 presents new asymptotic expansions for the gamma function.
Theorem 2.2. Let r ≠ 0 be a given real number and ℓ ≥ 0 be a given integer. The following asymptotic expansion holds:
Γ (x+ 1) ∼ √2πx
x
e
x 
1+ ln

1+
∞
j=1
aj
xj
xℓ/r
(x →∞) , (2.18)
where the coefficients aj = aj(ℓ, r) (j ∈ N) are given by
aj =

k1+2k2+···+jkj=j
1
k1!k2! · · · kj!b
k1
1 b
k2
2 · · · bkjj , (2.19)
and bj (j ∈ N) are determined in (2.10).
Proof. A similar argument as in the proof of Theorem 2.1 will establish the result in Theorem 2.2. For completeness, we
repeat to prove Theorem 2.2. To determine some real numbers a1, . . . , am, we first express (2.18) as follows:
e

Γ (x+1)√
2πx(x/e)x
r/xℓ
−1 = 1+
m
j=1
aj
xj
+ O x−m−1 (x →∞;m ∈ N) . (2.20)
Write (2.9) as
Γ (x+ 1)√
2πx (x/e)x
r/xℓ
− 1 =
m
k=1
bk
xk
+ R(x) (x →∞),
where R(x) = O(x−m−1). Further, we have
e

Γ (x+1)√
2πx(x/e)x
r/xℓ
−1 = eR(x)e
m
k=1
bk
xk
= eR(x)
m
k=1

1+

bk
xk

+ 1
2!

bk
xk
2
+ · · ·

= eR(x)
∞
k1=0
∞
k2=0
· · ·
∞
km=0
1
k1!k2! · · · km!b
k1
1 b
k2
2 · · · bkmm ·
1
xk1+2k2+···+mkm
. (2.21)
Equating the coefficients by the equal powers of x in (2.20) and (2.21), we see that
aj =

k1+2k2+···+jkj=j
1
k1!k2! · · · kj!b
k1
1 b
k2
2 · · · bkjj ,
where bj (j ∈ N) are determined in (2.10). This completes the proof of Theorem 2.2. 
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Setting (r, ℓ) = (1, 0) and (r, ℓ) = (1, 1) in (2.18), respectively, we obtain two explicit expressions:
Γ (x+ 1) ∼ √2πx
x
e
x 
1+ ln

1+ 1
12x
+ 1
144x2
− 119
51840x3
− 359
829440x4
+ · · ·

(x →∞) (2.22)
and
Γ (x+ 1) ∼ √2πx
x
e
x 
1+ ln

1+ 1
12x2
+ 1
240x4
− 59
72576x6
− 1963
4147200x8
+ · · ·
x
(x →∞) . (2.23)
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